We consider numerical methods which exactly preserve the Gauss-Poisson equation when solving the charge conservation and Maxwell-Amp ere's equations. Apart from the well-known leap-frog method, we present two situations where this property is veri ed, one with rectangular mesh and functions de ned at the center of the cells, and one with a nite volume type of formulation on triangles.
Introduction
We consider numerical methods for solving the charge conservation and MaxwellAmp ere's equations of plasma Physics @ t + div j = 0;
(1.1)
@ t E c 2 curl B = 1 " 0 j; (1.2) where is the charge density, j is the current density and E; B are the electromagnetic elds. These equations have to be completed so as to determine the evolution of B and j. For example, B can solve the Maxwell-Faraday equation @ t B + curl E = 0:
(1.3)
For j, there are mainly two possibilities: either uid equations or kinetic equations. We do not assume here any peculiar form for these supplementary relations. We rather study the striking property of only (1.1)-(1.2) which lies in the Gauss-Poisson equation, which is obtained as follows. If we subtract (1.1) from the divergence of " 0 (1.2), we get @ t (" 0 div E ) = 0: (1.4) Therefore, the law " 0 div E = (1.5) is preserved at any time if it is satis ed initially, and this holds independently of the choice of additional relations on B and j.
When dealing with numerical methods, the accuracy at which (1.5) is true is very important to get physically relevant results. One usually uses a Poisson corrector 1], 7]. This procedure can be described as follows. From the density and electric eld n and E n at time n t ( t denotes the timestep), we compute n+1 and a prediction E n+1 pred at time (n + 1) t by a given method, then we set (1.8) The drawbacks of this method are well-known.
{ It introduces an unnatural non-local dependence (and also a dependence on arbitrary boundary conditions). { It involves a high computational time, and it is di cult to use on vector or parallel computers.
An attempt to bypass this last (and most serious) di culty is to use an approximate method for solving (1.8), see 9], 8].
Another method consists in draining the error in Gauss-Poisson equation by suitable dispersive equations so that it is absorbed in boundary conditions 10].
In an ideal method, there should exist an exact discrete conservation of the GaussPoisson equation (1.5) . This situation can be roughly described as follows: we look for discrete versions of (1.1) and (1.2), and a discrete divergence div d such that (1.4 Our aim is not to build a method which satis es the discrete Gauss-Poisson equation, this could only be done after specifying the additional relations on B and j. Rather, we look for speci c discrete forms of (1.10)-(1.11) that automatically satisfy an exact conservation of the type (1.9), disregarding the nature of the additional equations on B and j, in the same way as (1.4) corresponds to (1.1)-(1.2). These speci c discrete forms can be viewed as analogous of conservative forms used in the numerical computation of conservation laws.
Here we are mainly concerned with uid equations, in which (1.1) can be easily written in conservative form. Therefore, we will not deal with the problem of realizing (1.1) for PIC methods, which is connected to what is usually called "current assignment". The well-known situation where (1.9) happens to be veri ed can be described as follows. We assume that quantities are de ned on a rectangular grid of lengths x and y, according to Figure 1 . The indices i and j refer to the space position (x i = i x; y j = j y), while n refers to the time n t. If a numerical scheme for (1.10)-(1.11) can be put under the form , and this result does not depend on the choice of evolution equations for B and j. 
The case of triangles and centered values
Let us now consider a mesh of triangles (T i ) i . We are going to introduce a discrete formulation of (1.10)-(1.11) that satis es an exact conservation, as stated in (1.9), independently of the evolution of B and j. We assume that the charge density and the electric eld E are de ned at the center of each triangle (see Figure 3) , and we write a nite volume formulation for (1.10) where n refers to the time n t, jT i j is the area of T i , e a T i means that "e is an edge of T i ", jej is the length of e, and n ie is the unit normal to e which is exterior to T i .
The numerical ux n+1=2 e is proportional to n ie and is an approximation of the component of j in the n ie direction, We write a discrete version of (1.11) as follows, 4) ; then there exists discrete quantities that approximate " 0 div E and that are independent of time.
More precisely, consider a vertex V , and let H be the union of the triangles T i having V as a vertex (see Figure 4) . Let ' be the continuous function, with compact support in H, which is linear on each triangle of H and such that '(V ) = 1. De ne Notice that the above formulation makes use of both nite volume and nite element type of formulations. It does not seem to be possible to obtain similar results for the time-space nite element method of J.W. Eastwood 4] . However, there exists anite volume method for Maxwell's equations which satis es (1.9) on Delaunay-Vorono meshes, see F. Hermeline 6] .
The formula (4.3) giving the approximation of curl B, which has vanishing discrete divergence according to (4.6), can also be used in di erent situations where a curl is involved, as in the MHD equations, see J.-P. Croisille, R. Khan r and G. Chanteur 3] .
This formula can actually be interpreted as follows, in terms of non-conforming nite elements. De ne the function B We have shown that in two dimensions and for di erent geometries, this property holds as soon as the scheme can be put under a coherent form involving numerical uxes. Moreover, this is true independently of the way these uxes are computed, and therefore independently of the evolution of B and j.
However, such methods are very constraining. Therefore, in each situation, one should look carefully if there exists such a method which is adapted to the given set of equations and to the geometry.
